Abstract The mechanical properties of the respiratory system are important determinants of its function and can be severely compromised in disease. The assessment of respiratory system mechanical properties is thus essential in the management of some disorders as well as in the evaluation of respiratory system adaptations in response to an acute or chronic process. Most often, lungs and chest wall are treated as a linear dynamic system that can be expressed with differential equations, allowing determination of the system's parameters, which will reflect the mechanical properties. However, different models that encompass nonlinear characteristics and also multicompartments have been used in several approaches and most specifically in mechanically ventilated patients with acute lung injury. Additionally, the input impedance over a range of frequencies can be assessed with a convenient excitation method allowing the identification of the mechanical characteristics of the central and peripheral airways as well as lung periphery impedance. With the evolution of computational power, the airway pressure and flow can be recorded and stored for hours, and hence continuous monitoring of the respiratory system mechanical properties is already available in some mechanical ventilators. This review aims to describe some of the most frequently used models for the assessment of the respiratory system mechanical properties in both time and frequency domain.
Introduction
Pulmonary gas exchange requires a continuous flow of fresh gas and blood in the alveoli and alveolar capillaries. Air flows from a region of higher pressure to one of lower pressure. At end-expiration, the alveolar pressure equals atmospheric pressure, and during spontaneous inspiration alveolar pressure is smaller than atmospheric pressure. Since the movements of the lungs are entirely passive, forces must be applied in order to expand the lungs and, as a consequence, decrease alveolar pressure from its resting pressure at end-expiration. In the case of spontaneous breathing, the respiratory muscles provide the external forces, whereas artificial ventilation moves the relaxed respiratory system, increasing alveolar pressure during inspiration (Macklem 1998) .
During inspiration the external forces must overcome the impedance of the lung and chest wall, the two components of the respiratory system. This impedance stems mainly from the force necessary to overcome elastic recoil as well as the frictional resistance during the movement of the tissues of the lungs and thorax, and finally, from the force necessary to overcome the frictional resistance to airflow along the tracheobronchial tree. The inertial component of gas and tissue is usually negligible during conventional (low frequency) ventilation as well as in subjects breathing without artificial airways such as an endotracheal tube (Ingram and Pedley 1986; Rodarte and Rehder 1986) .
At end-inspiration, the potential energy accumulated in the elastic tissues of the lungs and chest wall throughout inspiration is used to generate the pressure gradient that will produce exhalation.
The mechanical properties of the respiratory system may become severely compromised in a number of common lung diseases. The assessment of respiratory system mechanical properties is thus essential in the management of these disorders as well as in the evaluation of respiratory system adaptations in response to acute or chronic processes. Most often, lungs and chest wall are treated as a linear dynamic system that can be expressed with differential equations, allowing determination of the system's parameters, which will reflect their mechanical properties. Additionally, the input impedance over a range of frequencies can be assessed with a convenient excitation method allowing the subdivision of the mechanical characteristics of the central and peripheral airwaysas well as lung periphery impedance.
This review aims to describe some of the most commonly used models for the assessment of the respiratory system mechanical properties in both time and frequency domain.
Elastic properties of the respiratory system
For didactic purposes, it is useful to describe the recoil characteristics of the lungs and chest wall separately, but obviously they have to be appraised together. The two structures are in series with each other and, therefore, the elastic pressure of the total respiratory system (Pel,rs) constitutes the sum of the lung and chest wall elastic pressures (Pel,L and Pel,w, respectively) . Thus, the respiratory system volume-pressure curve presents an S-shaped profile: limited at high lung volumes by the fall in lung compliance and at low lung volumes by the chest wall's smaller compliance (Rahn et al. 1946) . In a normal adult person, the expanding tendency of the chest wall exactly counterbalances the lung recoil at a lung volume approximating 35% of its vital capacity. This point on the V-P curve of the normal respiratory system represents the functional residual capacity (FRC) , and the system is said to be at its elastic equilibrium point. In other words, to inflate it from FRC an inspiratory force must be applied, whereas exhalation below FRC demands an expiratory force.
Since the lungs and chest wall recoil in opposite directions, forces tending to separate the visceral from the parietal pleura result. Considering the pleural surface as a continuum, a virtual closed space (pleural space) is formed. A small amount of liquid exists in this space, which allows not only the coupling of visceral and parietal pleurae, thus yielding the transmission of forces between the two structures, but also generates a lubricated system that allows a free and rapid movement of the lung in relation to the chest wall. The measurement of the intrapleural pressure (Ppl) at the elastic equilibrium point of the respiratory system (FRC) discloses a subatmospheric value, normally around −4 cmH 2 O. This "negative" pressure reflects the net result of the forces acting on the pleurae (lung recoil and chest wall expansion). During spontaneous inspiration, muscle contraction expands the chest wall and the parietal pleura pulls out the visceral leaflet. As a result Ppl becomes more negative, reaching values around −7 or −8 cmH 2 O during resting tidal breathing. Naturally, during expiration it returns to its resting value. Intrapleural pressure may become positive, though. For instance, it may increase during the augmented ventilation resulting from physical exertion or during cough. Under these conditions muscle force is directed to quickly diminish lung volume, and the parietal pleura compresses the visceral one. Intrapleural pressure can also increase and become positive during artificial ventilation, because in this case the positive pressure in the airways pushes the visceral pleura against the parietal leaflet.
Both the lungs and the chest wall can be approximated to elastic structures, with the transmural pressure gradient corresponding to stress and lung volume to strain. Over a certain range of volumes and pressures, lung and chest wall structures obey Hooke's law. Thus, the change in lung and chest wall volumes divided by the changes in the elastic pressure required to produce them yields compliance (C). Elastance (E) is the reciprocal of compliance, i.e., ΔPel/ΔV, and is usually expressed in centimeters of water per liter (cmH 2 O/L).
Stiff structures present a high elastance. Respiratory system elastance equals the sum of lung plus chest wall elastances (Ers ¼ EL þ Ew, respectively), whereas compliances are added as Crs ¼
To calculate chest wall elastance (Ew), transthoracic pressure (= Ppl -Pbs) is used in the numerator and divided by the change in lung volume. As in the case of lung compliance, there is an elastic limit to the chest wall. From total lung capacity down to approximately 20% of the vital capacity, Cw is fairly constant. Below this point, it decreases progressively with the fall in lung volume.
The determination of the chest wall elastance/compliance conveys important clinical information, since its elastic behavior can be affected by a series of conditions, e.g., ascites, obesity, extremely voluminous breasts, vertebral ankylosis, and severe kyphoscoliosis among others.
Resistive properties of the respiratory system So far we have dealt with pressures related solely to the elastic properties of the respiratory system, hence depending on the gas volume and the elastance of each component of the system, i.e., lung and chest wall. Pressure gradients generated by pure elastic forces are static and, thus, independent of the existence of airflow.
When the respiratory system moves the driving force of the system must overcome an additional mechanical element: resistance (R) or resistive pressure (Pres). Respiratory system resistance (Rrs) can be measured by dividing Pres,rs by airflow, where Pres,rs represents the respiratory system resistive pressure, or, in other words, the pressure used to overcome its resistive elements. Airway resistance and the resistance offered by the lung and chest wall tissues contribute to Rrs. Rrs can be divided into RL (pulmonary resistance) and Rw (chest wall resistance).
Pulmonary resistance can be divided into two components arranged in series: airway resistance (Raw) and pulmonary tissue resistance (Rtis). Thus, RL can be mathematically modeled as RL ¼ Raw þ Rtis. Raw depends on the airflow. Since air is a fluid, the concepts of fluid dynamics can be directly applied to Raw. Thus, Raw can be defined as the ratio between the pressure gradient necessary to move gas from room air to the alveoli and airflow.
If air flows in a tube, there is a pressure difference (ΔP) between the two extremities of the tube. This pressure gradient will depend on the airflow ðV : Þ and its characteristics. In the face of low airflows, the gas molecules move smoothly along the whole length of the tube with different velocities (Pedley et al. 1970; Pedley and Drazen 1986) . This constitutes the laminar flow. Under these circumstances one can imagine a series of parallel ring-like sheets of fluid sliding past each other. The more external one has a longer perimeter (and surface) and, as a consequence, a higher shear force; its velocity will be small. The central lamina presents a minute area and, thus, a higher velocity of the fluid. In the face of laminar flow, resistance equals ΔP=Δ V : . According to Hagen-Poiseuille's law:
thus,
where η represents gas viscosity, L is the length of the tube, and r corresponds to the tube radius. One can quickly appreciate that the radius of the airways represents the main component of airway resistance since it is raised to the power of 4. In this way, if the radius of the tube is halved, ΔP should be multiplied by 16 (= 2 4 ) for the same airflow to be maintained.
If airflow increases, the gas molecules lose their laminar arrangement and turbulence ensues. This random movement of the gas molecules is called turbulent flow. The pressure required to keep this flow is substantially larger than that necessary to maintain a laminar flow. Under these conditions, the driving pressure is proportional to the squared flow:
where K 2 is a constant. Turbulent flow depends on the density of the gas but not on its viscosity.
The tracheobronchial tree represents a complex system of tubes with many branching points, changes in diameter, and irregular surfaces. In a system such as the lung that branches out quite rapidly, laminar flow occurs solely in the small airways. Over the major portion of the tree, flow is transitional, and Rohrer's equation, where resistive pressure is determined by flow and also by its square, should be employed:
where K 1 relates to the laminar flow and K 2 to the turbulent component. Thus, for the same driving pressure, if no turbulence occurs the second component of the equation becomes null, and all the pressure produces airflow. On the other hand, in the presence of turbulence the same pressure must be split between the two components, and less energy is available to generate airflow, since part of it will be spent as heat by the turbulent flow (Rohrer 1915) (Fig. 1 ).
Since the radius constitutes the most important factor determining resistance through a tube, a thorough measurement of the cross-sectional area of each branching generation of the tracheobronchial tree was done. Interest- Fig. 1 Schematic representation of the relationship between airflow and resistive pressure (Pres). During laminar flow Pres produces airflow (straight continuous line). On the other hand, in the face of turbulence (broken line) Pres must overcome two components (K 1 and K 2 in Rohrer's equation), and, thus, less energy will generate airflow, since part of Pres will be spent as heat by the turbulent flow. As a result, the vertical difference between the continuous and the broken lines represents the lost flow, i.e., the flow that could have been generated if no turbulence were present ingly, the narrower segment of the tree occurs in the central airways, somewhere around the segmental to subsegmental bronchi (Pedley et al. 1970) . As a result Raw is much higher in the central bronchi than at the lung periphery, which characterizes the difficulty of measuring peripheral airway resistance.
In addition to airway resistance, caused by the frictional resistance due to the flow of gas molecules through the airways, there is another frictional resistance in the pulmonary and thoracic tissues themselves. Pulmonary tissue resistance results from the energy loss generated by the viscosity pertaining to the movement of lung tissue itself. In other words, the molecules that constitute the tissue burn energy as heat as they move past each other. Formerly tissue resistance was regarded as negligible, but presently it is known to be highly dependent on inspiratory duration (Similowski et al. 1989) , volume, and flow (Kochi et al. 1988a, b; Auler et al. 1990; D'Angelo et al. 1991) .
It has been consistently observed that recoil pressures at the same lung volumes are always less during deflation than during inflation (a phenomenon named hysteresis), meaning that the mechanical work expended during inflation exceeds that recovered during deflation. With repeated cycling, loops enclose an area representing the energy lost per cycle (Hoppin et al. 1986 ). During quiet breathing, this area is nearly independent of breathing frequency. Thus under constant amplitude cycling, energy dissipation is nearly independent of frequency (Agostoni and Hyatt 1986) . It follows that resistance must be inversely proportional to frequency (Bachofen 1968) . In fact, tissue resistance sharply contrasts with airway resistance, which exhibits much less frequency dependence (Hoppin et al. 1986 ). This characteristic of tissue resistance will be better addressed in the development of the concept of viscoelasticity in the next section of the present article. In fact, lung parenchyma displays prominent viscoelastic behavior. However, resistive pressures across tissue, in contrast to airways, are non-Newtonian (Hildebrandt 1969 (Hildebrandt , 1970 . It is recognized that the major part of energy dissipation associated with cyclic lung expansion depends on the amount of expansion but not on the rate of expansion, demonstrating that lung tissue shows a stress incompatible with the notion of a viscous stress (Fredberg and Stamenovic 1989) . Thus, the relative contribution of tissue resistance to overall lung resistance can be magnified by large volume changes and by low flow rates, the opposite effect being observed in the airway component (Ludwig et al. 1987) .
Similarly to the pulmonary tissue resistance, chest wall tissue resistance depends on volume and airflow (D'Angelo et al. 1991; Kochi et al. 1988a, b; D'Angelo et al. 1994) . Chest wall resistance is not negligible in normal subjects and may account for a substantial amount of energy expenditure in certain pathological conditions compromising the unhindered movement of the chest wall. Interestingly, chest wall tissue resistance seems to exhibit the same viscoelastic behavior as lung tissue resistance and can be equally described by the viscoelastic model described below.
Inertive properties
The inertance of the respiratory system ascribes to the changes in pressure in phase with acceleration:
where P I (t) is the inertive pressure, I is the inertance, and V ::
is the acceleration of the airflow throughout airways. The inertial coefficient of the respiratory system for nonobese patients has been show to be small (0.01 cmH 2 O L −1 s −2 ) (Sharp et al. 1964) . As a consequence, the inertance has not been considered in the measurement of respiratory mechanical properties in adults during conventional ventilation (Lanteri et al. 1999) . However, neglecting the inertive component has recently been questioned, especially in mechanically ventilated patients with endotracheal tube (EET) (Sullivan et al. 1976; Lanteri et al. 1999; Jandre et al. 2008) . Additionally, mechanical ventilation in infants usually requires high respiratory frequency as well as an artificial airway with a small inner diameter and length, which contributes even more to the necessity of taking into account inertial properties.
In addition to airflow acceleration, the acceleration of lung and chest wall tissue is an important component of respiratory system impedance. However, their contribution to the pressure required to overcome respiratory system impedance is usually less than 1% during conventional ventilation.
Input impedance models: time domain analysis
Single-compartment models
The simplest strategy to model the mechanical properties of the respiratory system is the single-compartment model. In this model the lung can be viewed as being like a balloon sealed over the end of a pipe (Fig. 2a) or analogously, in mechanical and electrical terms (Fig. 2b and c, respectively) . Note that this model presents a clear analogy to a real lung, where the pipe represents the conducting airways and the balloon the elastic parenchymal tissue. Functionally, it is possible to associate the single-compartment model with respiratory movements, since inspiration and expiration can be reproduced by the inflation and deflation of the balloon, respectively. In this section, we will present the singlecompartment models most often used for monitoring respiratory system impedance.
Linear single-compartment model
If the respiratory system elastance and resistance are linear, the single-compartment model can be mathematically written assuming the constitutive properties of the respiratory system previously shown in Eqs. 1 and 2. Thus:
where Pres and Pel are the resistive and elastic pressure, respectively, and P 0 is the end-expiratory pressure. Equation 7 can be rewritten as: and V, respectively. Historically, the equation of motion of the respiratory system is often applied to the monitoring of the respiratory system mechanical properties.
Although attractive, mostly because Paw, V :
and V are easily measured at bedside, the use of airway pressure as a surrogate for the overall lung impedance is quite limited. Firstly, we must consider the chest wall, also taking into account the abdominal compartment, as an important component of the respiratory system impedance (Mergoni et al. 1997) . Accordingly, to eliminate the thoracic component, Eq. 8 must be slightly modified with the use of the transpulmonary pressure (Ptp ¼ Paw À Pes, where Pes is the esophageal pressure used as a surrogate for pleural pressure variations). Therefore, changes in esophageal pressure, an indicator of the changes in pleural pressure, must be measured. Secondly, the singlecompartment model (Eq. 8) assumes that Rrs and Ers are linear and that the only forces opposing lung inflation are the resistive and the elastic pressures, thus neglecting viscoelastic and inertial properties, as well as ventilatory nonhomogeneities (Terragni et al. 2003) . Thirdly, respiratory muscle tone must be suppressed or at least decreased for the estimation of the passive Rrs and Ers by Eq. 8 ).
Flow-dependent resistance model
The single-compartment model is linear since its independent variables (V : and V) are linearly related to the dependent variable P. Thus if the flow is constant, we can expect that the relationship between Paw and V must be linear, and thus Ers is constant. If the model were to contain a variable that changes with its respective predictor, the model would be nonlinear in relation to that variable.
The flow-dependent resistance model exemplifies a nonlinearity related to the change in total airway resistance with airflow. Including Eq. 11 in Eq. 5 yields:
This model can be useful when flow is turbulent, as predicted by the Rohrer's equation (Eq. 5). The most common application of this model occurs in patients under mechanical ventilation with an endotracheal tube (Sullivan et al. 1976; Lanteri et al. 1999) . In fact, it seems that under such conditions, the impedance of the endotracheal tube may significantly contribute to the global pressure-flow behavior (Sullivan et al. 1976; Jandre et al. 2008) . However, the nature of the apparent nonlinearity in resistive properties seems to be much more dependent on the breathing pattern and flow waveform . Of note, the parameters K 1 and K 2 do not present an intuitive physiological interpretation like the linear Rrs, being just the parameters that fit a quadratic dependence between resistive pressure and airflow.
An example of the model fitting by applying Eq. 9 can be observed in Fig. 3 . This figure depicts the measured and estimated Paw in a breath cycle of a lung-healthy anesthetized patient under pressure-controlled ventilation with a tidal volume of 8 ml/kg and an ETT (7.5 mm inner diameter). Note how the inclusion of the flow-dependent Fig. 2 Representation of respiratory system considering the linear single-compartment model. Hydraulically (a) this model lung can represented by a balloon sealed over the end of a pipe. Mechanically, the association of a spring and a dashpot in parallel describes this model (b). The electrical analog consists of a serial association of a resistor and a capacitor (c). Note that the pipe (R) in the hydraulic representation is equivalent to the dashpot and the electrical resistor in the mechanical and electrical analog, respectively. The same can be observed with the balloon (E), which is represented by a spring or a capacitor, respectively. This analogy is valid when the airway pressure is equivalent to the force or tension and when flow is equivalent to velocity or current in the mechanical and electrical analogs, respectively. Thus, all representations are equivalent, and their constitutive equations are identical. This peculiarity stems from the impedance or indirect analogy used throughout this article resistance modified the estimation of Ers by about 10% (Fig. 3b vs. a) .
Volume-dependent elastance model
Similarly to the flow-dependent single-compartment model, it is also possible that the Ers changes with volume. In this model, the linear Ers is partitioned in volume-independent (E 1 ) and dependent (E 2 .V) components as
The equation of motion of the volume-dependent elastance model is:
In contrast to the terms K 1 and K 2 in the volumedependent model, the parameters E 1 and E 2 V can be interpreted physiologically. The component E 1 is the slope of the elastic pressure-volume (PV) curve at the beginning of inspiration (V T equals zero) whereas E 2 describes the concavity of the elastic PV curve throughout inspiration.
This model allows the calculation of the fraction of volume-dependent elastance (%E 2 ) in relation to Ers, now computed as Ers=E 1 +E 2 .V T (Kano et al. 1994; Bersten 1998) .
Accordingly, with a negative %E 2 the model fits a PV curve displaying a downward concavity. In this case the first derivative of the PV curve (elastance) decreases throughout inspiration suggesting a progressive recruitment of previously collapsed alveoli and/or small airways. With a positive %E 2 , the model fits a PV curve with an upward concavity where the elastance increases throughout inspiration suggesting a progressive alveolar overdistension.
This model has been applied in the identification of overdistension in mechanically ventilated patients with acute lung injury as well as in healthy subjects under mechanical ventilation (Kano et al. 1994; Bersten 1998; Carvalho et al. 2008) . In general, the volume-dependent elastance model seems to be quite independent of the respiratory resistance or inertive components (Lanteri et al. 1999; Jandre et al. 2008 ). However, a study with numerically simulated data suggests that the unmindfulness of the endotracheal tube mechanical properties may bias the identification of overdistension, especially during mechanical ventilation with pressure-controlled ventilation .
This model offers an advantage: it can be used independently of the respiratory flow waveform and thus can be applied to both volume-and pressure-controlled ventilation. Figure 4 shows a set of curves from the same patient as in Fig. 3 fitted with the volume-dependent elastance model at three different levels of positive endexpiratory pressure (PEEP=2, 5, and 10 cmH 2 O). Since pulmonary atelectasis is a common finding during general anesthesia, some lung recruitment (partial reversion of collapsed areas) can be expected as PEEP increases (Duggan and Kavanagh 2005; Neumann et al. 1999) . In fact, note that Ers as well as drive pressure (peak airway pressure -PEEP) decreases with PEEP suggesting PEEPinduced lung recruitment. Additionally, note that %E 2 suggests a minimal occurrence of tidal recruitment (recruitment of collapsed areas during inspiration with some derecruitment at the end of expiration).
Influence of inertance on the single-compartment model
The inclusion of the inertance parameter in the singlecompartment model usually results in negligible effects in adults under spontaneous ventilation. However, in infants and/or in mechanically ventilated subjects the presence of the endotracheal tube may elicit an important dependence of the pressure on the acceleration of gas. Additionally, when patients are under high-frequency ventilation inertance becomes an important component of the total respiratory system impedance. Sullivan et al. (1976) reported that neglecting the inertial and flow-dependent parameters markedly increased the errors in the estimation of respiratory system resistance and elastance. In endotracheal tubes, the inertance is considerably larger when compared to the respiratory system inertance and can be calculated as:
where l is the mass density, L is the tube length, and r is the radius of the tube. Accordingly, a reduction in the inner diameter of the endotracheal tube will substantially increase the inertance contribution. Lanteri et al. (1999) reported that the inclusion of the inertive parameter in the linear single-compartment model significantly improved model fitting at respiratory frequencies higher than 30 breaths per min (0.5 Hz). The negligence of inertance led to underestimation of Ers and E L with no effects on estimated Rrs. At frequencies around 120 breaths per min (2 Hz), the error in estimated E L by neglecting inertance ranged from 10 to 40%.
More recently, a work from Jandre et al. (2008) suggested the inclusion of the inertance in the volumedependent elastance model in order to minimize the bias in the identification of tidal overdistension induced by the endotracheal tube mechanical properties.
Bicompartment models
The single-compartment linear model has proven very useful for describing the mechanical behavior of the respiratory system. Additionally, the inclusion of flow and volume dependencies better improved model-fitting capability. However, it is well known that a model with just a single compartment seems too simplistic even for representing the mechanical properties of healthy lungs.
The linear single-compartment model (Eq. 8) can be also described as an ordinary differential equation. Since flow is the first derivative of volume, Eq. 8 can be rewritten as 
Thus, according to the single-compartment model, a single exponential can describe the passive exhalation. However, with a simple analysis of the passive expira- Fig. 4 Measured airway pressure (Paw, bold line) and its estimation (gray line) by the volume-dependent single-compartment model in the same patient depicted in Fig. 3 . A single breath is presented at three different levels of positive end-expiratory pressure (PEEP): 2 (a), 5 (b), and 10 cmH 2 O (c). Note that the negative value of the volumedependent term related to the total respiratory system elastance (%E 2 ) suggests a minimal tidal recruitment. Additionally, Ers and driving pressure (peak airway pressure -PEEP) decrease with PEEP also suggesting PEEP-induced lung recruitment tion, it is possible to verify the evidence of multicompartments in the lung. Additionally, it is well known that Ers increases with respiratory frequency, a phenomenon known as frequency dependence of compliance (Otis et al. 1956 ). Thus, since the single exponential is not able to adequately represent respiratory system mechanical behavior, several authors have proposed the use of bi-or even multicompartment models that predict both the biexponential pattern of passive exhalation and the frequency dependence of compliance. In the following sections, we will present some of the most commonly used bicompartmental models.
The parallel model
In Fig. 5 we can see the hydraulic (Fig. 5a) as well as the mechanical and electrical analogs (Fig. 5b and c,  respectively ) of the parallel model. This model consists of a parallel arrangement of two balloons (Fig. 5a) , each with its own local airway connected to a common airway (Otis et al. 1956 ) and introduced to physiology the notion of ventilatory heterogeneity and its effects on lung mechanics.
The equations that describe the relationships between pressures, flows, and volumes in each component can be written by first taking each compartment's elastic pressure (P 1 and P 2 ) as P 1 ðtÞ ¼ E 1 Á V 1 ðtÞ ð 20Þ and P 2 ðtÞ ¼ E 2 Á V 2 ðtÞ: ð21Þ
The resistive pressure drop along the airways can be written taking P j as the pressure at the bifurcation between central and peripheral airways:
1 ðtÞ þ P 1 ðtÞ ð 22Þ and P j ðtÞ ¼ R 2 Á V : 2 ðtÞ þ P 2 ðtÞ ð 23Þ
The equation of the central airway is:
2 ðtÞ þ P j ðtÞ ð 24Þ
Substituting P 1 (t) and P 2 (t) of Eqs. 20 and 21 into Eqs. 22 and 23 and thus substituting P j (t) of Eqs. 22 and 23 into Eq. 24, two pairs of first-order ordinary differential equations are obtained:
and
Differentiating Eqs. 25 and 26 with respect to time we obtain:
1 ðtÞ: ð28Þ
2 from Eq. 27 into Eq. 28:
From Eq 25:
Substituting V : 2 ðtÞ in Eq. 29 for its value in Eq. 30, the first compartment can be described by: Fig. 5 Schematic representation of respiratory system considering the parallel bicompartment model. The hydraulic, mechanical, and electrical equivalents are presented (a, b, c, respectively) . This model consists of a parallel arrangement of two balloons (a), each with its own local airway connected to a common airway (Otis et al. 1956 ).
The impedance analogy was applied for the development of each equivalent model. R, C, P, Pj, and Raw correspond to resistance or resistor, compliance or capacitor, pressure, pressure at the bifurcation of the airways, and airway resistance, respectively. 1 and 2 refer to the different compartments
Note that the equation of the second compartment will be exactly the same as Eq. 31 except for the replacement of subscript 1 with 2. Since V(t)=V 1 (t)+V 2 (t), the equation of the entire model can be written as:
During passive exhalation, since Paw = 0, Eq. 32 becomes:
The solution to Eq. 33 is the double-exponential:
Note that this model, as expected, allows the representation of a biexponential decay of volume as a function of time during the passive exhalation, thus yielding the representation of ventilatory heterogeneity. Although mathematically plausible, this model is often quite difficult to implement in practice. The main drawback lies in the difficulty of dealing with so many parameters in terms of physiological interpretation. Additionally, negative values and a large variability in estimated parameters are frequently observed in the experimental scenario (Ganzert et al. 2009 ).
The series model
Alternatively, two compartments can be arranged in series (Mead 1969) , in order to represent the distal parenchyma and the proximal airways (Fig. 6 ). Since there is no junction pressure involved, the equations of the series model are easily derived as:
for the first compartment, and
for the second compartment, which leads to:
ðtÞ þ ðE 1 þE 2 Þ Á PðtÞ ¼ R 1 R 2 V ::
Note that Eq. 37 is not symmetric in relation to indices 1 and 2, but presents the same form as Eq. 32.
The viscoelastic model
The mechanical and electrical representations of the viscoelastic model are depicted in Fig. 7a . Note that this model is equivalent to the single-compartment model with the addition of a spring in series with a dashpot (known as a Maxwell body). The dashpot R 1 is analogous to the resistor R 1 in the electrical circuit (Fig. 7b ) and represents total airway resistance (Raw), whereas the dashpot R 2 , analogous to the resistor R 2 in the electric representation, stands for tissue resistance (R t ). The elements R 2 , E 1 , and E 2 constitute the Kelvin body and together represent overall tissue mechanical properties. The element E 1 represents the static elastic behavior of the lung, while R 2 and E 2 account for its viscoelastic behavior.
An alternative representation to the viscoelastic model is provided in Fig. 8 . In this cartoon, the hydraulic (pipeballoon series association) is presented together with the electrical equivalent. In this representation, the association between each element and its physiological interpretation seems more intuitive.
The constitutive equation of this model can be obtained with the same procedure as in the parallel model, by taking the equations of each physical compartment as:
The complete equation of motion of the viscoelastic model is:
Note that Eqs. 41, 37, and 32 are quite similar and can be rewritten: . Also note that Eqs. 41, 37, and 32 can be expressed in the form of Eq. 34 so that we cannot distinguish between these two-compartment models from measurements of P(t), V(t) and V : ðtÞ made at the airway opening, since their constitutive equations are identical in terms of form. Physiologically the slow changes in Paw(t) at zero airway flow can be attributed to stress adaptation (due to the stress adaptation/viscoelastic behavior of the lungs and chest wall) and/or ventilatory heterogeneity (owing to different time constants of lung/chest wall compartments) (Bates et al. 1985a, b; Auler et al. 1987) . This model also allows the partitioning of lung resistive pressure into its central (large airways) and peripheral (smaller airways and lung tissue) components (Bates et al. 1988; Saldiva et al. 1992) .
Input impedance models: frequency domain analysis
System impedance characterizes how forces oppose movement. Respiratory system impedance comes from resistive, elastic, inertive, and other forces that oppose the movement throughout inspiration and expiration.
For the analysis of the respiratory system impedance in the frequency domain, we must translate all aforementioned equations (in the time domain) to the frequency domain. For such purposes, we must use the Fourier identity for the time derivatives of P(t) and V(t) with the following identities:
where ω is the angular frequency w ¼ 2pf ð Þ . The theories of system identification can be conveniently applied to the study of the respiratory system impedance by the forced oscillation technique (FOT). The first FOT description was done by DuBois in 1956. In this technique, an external device (usually an adapted loudspeaker) applies sinusoidal oscillations over a range frequency in airway Fig. 8 Alternative representation of the viscoelastic bicompartment model considering the combination of the hydraulic and electrical equivalents. In this cartoon, the components R 2 and E 2 are depicted in the alveolar tissue thus allowing a more intuitive physiological interpretation of the model. R and C correspond to resistance or resistor, and compliance or capacitor, respectively. 1 and 2 refer to the different compartments Fig. 7 Schematic representation of the respiratory system by the viscoelastic bicompartment model. The mechanical (a) and electrical (b) representations are depicted. Note that this model is equivalent to the single-compartment model with the addition of a spring in series with a dashpot (known as a Maxwell body). R and C correspond to resistance or resistor, and compliance or capacitor, respectively. 1 and 2 refer to the different compartments Fig. 6 Schematic representation of respiratory system by the series bicompartment model (Mead 1969) . The hydraulic, mechanical, and electrical analogs are presented (a, b, c, respectively). The impedance analogy was applied for the development of each equivalent model. R, C, and P correspond to resistance or resistor, compliance or capacitor, and pressure, respectively. 1 and 2 refer to the different compartments pressures and the resulting oscillations in airflow allow the determination of the respiratory system impedance. The Fourier transforms of P(t) and V(t) in their constitutive sinusoidal components and the respiratory system impedance are determined as: 
and applying the Fourier identity as in Eq. 43, the Fourier transform of Eq. 48 will be:
The impute impedance of the single-compartment model is:
Note that Im(Z) is a negative hyperbolic function of ω, whereas Re(Z) is constant.
The inclusion of inertance (Irs) 
At a determined angular frequency (resonant frequency), reactance is zero because E/ω and ωI area are identical and impedance equals resistance. The resonant frequency (ω res ) is:
and usually ranges from 8 to 12 Hz in healthy young subjects, increasing with age and lung disease (Pride 1992; Chalker et al. 1992 ).
Constant phase model of impedance
The so-called constant phase model represents an alternative to the tendency to oversimplify complex systems in ordinary differential equations where compartments are treated separately and a limited number of free parameters are used to describe overall mechanical properties. Interestingly, the real part of tissue impedance bears an almost fixed relationship with the imaginary part over a broad range of frequencies (Fredberg and Stamenovic 1989) . The 
Thus, it dos not seem possible to independently manipulate the resistance and elastance of lung tissue since one is affected by the other. This phenomenon stands against the use of a lumped-parameter model and suggests that structures in tissue that elastically store energy are indeed coupled to those that dissipate it (Fredberg and Stamenovic 1989) .
The constant phase model (Hantos et al. 1987a, b) of impedance is a different approach to interpret tissue mechanical properties since it comprises several parameters in just two free parameters that characterize the overall mechanical behavior of lung tissue. Applying the Fourier transform of the power law of the lung pressure resulting from a step change in volume, we can write according to standard tables that: Z w ð Þ ¼ F P 0 t
